In the year 1620 the printing office of the University of Prague published a 58-page table containing the values a n = (1.0001) n for 0 ≤ n ≤ 23027, rounded to 9 decimal digits. This table had been devised and computed about 20 years earlier by the Swiss-born astronomer and watchmaker Jost Bürgi in order to facilitate the multi-digit multiplications and divisions he needed for his astronomical computations. The "Progreß Tabulen", as Bürgi called his tables, are considered to be one of the two independent appearances of the logarithms in the history of mathematics -the other one, due to John Napier (1550-1617), appeared in 1614.
Introduction
The origins of this report date back to 1976, when the existence of an original copy of Jost Bürgi's table of logarithms [2] in the Astronomisch-Physikalisches Kabinett, Munich, was pointed out to the author by the engineer and historian Wolfhard Pohl, Zürich. This original had been found in 1847 by Rudolf Wolf [29] , [30] in the Royal Library (Königliche Bibliothek) of Munich [3] .
Subsequently, W. Pohl [21] was allowed to copy the entire table, in black and white, such that it became possible to investigate the numerical errors in Bürgi's hand calculations for the first time. This copy is now in possession of the author. In 1994 these results were presented to the mathematical community and commented on the occasion of the International Congress of Mathematicians (Zürich) in the form of a souvenir watch displaying Bürgi's title page as its dial [27] , see Fig. 6 .
In 1998 the author was invited to present a short history of the discovery of the logarithms [28] at "Slide Rule '98", the Fourth International Meeting of Slide Rule Collectors in Huttwil, Switzerland, organized by H. Joss [10] (October 14 to 16, 1998) . Here we present an expanded version of the proceedings article, containing more information on the statistics of Bürgi's round-off errors and on his algorithm for generating the table.
It is amusing to ponder about possible lines of development of 16 th century mathematics if calculators had been available at that time. The construction of tables of logarithms as instruments of numerical calculations would not have been necessary, and the concept of logarithms might have arisen only centuries later, e.g. in connection with the development of calculus by Newton, Leibnitz and Euler. Almost certainly, the slide rule [10] , the leading calculating device for three centuries, would have been missed altogether. However, as it happened, in the 16 th century no efficient calculating machines were available, and there was a strong need to develop good algorithms for the more tedious arithmetic operations such as multiplications, divisions, and square roots.
Compared to our time, the scientific environment in the 16 th century was simple. Astronomy was by far the most advanced discipline of science, looking back onto a continuous history of at least 2000 years. With the introduction of the Gregorian Calendar (Pope Gregory XIII) in 1582 the length of the year was defined as 365.97/400 days = 365.2425 days (the modern value of the tropical year is 365.2422 days). Obviously, the astronomers of that time already needed to perform long arithmetic calculations, and the precision of some of their data (as the length of the year) asked for a precision of at least 6 digits.
Nowadays, arithmetic operations with multi-digit numbers are a standard topic in elementary schools all over the world. Paradoxically, due to the ubiquity of calculators, the widespread proficiency in these algorithms may eventually get lost.
The Idea of the Logarithms
The historical process of the discovery of the logarithms extended over at least half a century. As we understand it now, the sole purpose of the invention was to speed up multiplications and divisions by means of tables that could be computed once for all 1 (with a huge effort, though). Ironically, this aspect of the logarithms is now all but irrelevant: for modern calculators and computers multiplications pose no bigger problems than additions. The logarithms as a tool for computing (their key role for almost 400 years) have disappeared completely within a decade.
On the other hand, about a century after its original discovery the logarithm function was found to be the indefinite integral of c/x (with an appropriate value of c>0). In this role the logarithm will always keep its importance in all of mathematics.
The idea that leads directly to the mathematical object we now refer to as logarithm can be found already in the works of Archimedes, 287-212 BC, (see, e.g. [26] ). However Archimedes missed the final breakthrough, and unfortunately his ideas were only picked up much later. After the French mathematician Nicolas Chuquet (1445-1488) had introduced a good nomenclature for large integers (e.g. 10 6 = million, 10 12 = byllion), the time was ready for a systematic treatment of large and small (real) numbers. In 1544 Michael Stifel [12] rediscovered what had remained forgotten for 1800 years. He considered what we now call the geometric sequence a n , with initial element 1 and quotient 2,
or written in tabular form as (2) n . . . −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 . . . a n =2 n . . . The continuation of the table to the left by fractions was a novel aspect and led directly to the discovery of the general law of multiplying powers of the same base B:
or a m · a n = a m+n with a n = B n .
Stifel became aware of the fact that this law could be exploited for finding the product of the elements a m , a n of the table by looking up the element a m+n in the same table.
Hence the product of the table elements in positions m, n is the table element in position m + n; a multiplication is reduced to 3 table-look-ups and an addition. table bottom to top  addition  table top to bottom   2 The nomenclature still in use today may be understood from M. Stifel's table (2), but was introduced only much later by Napier [19] : the numbers a n in the bottom row are the principal entries of the table, still referred to as numeri; the integers n in the top row are merely used in order to denote the position of a n within the table: n is called the logarithm (greek for the word, i.e. the essence, of the number) of a n (with respect to the base B = 2). Due to the "exposed" position of n in the upper row of the table, M. Stifel referred to n as the exponent. We still write a n = B n , with the exponent n in "exposed" position.
Jost Bürgi
These few highlights characterize the scientific environment into which Jost Bürgi was born. He was the son of a renowned family in the town of Lichtensteig in the Toggenburg valley (Canton of St. Gallen, Switzerland), born on February 28, 1552. Almost nothing is known about his youth. In his home town Jost Bürgi most likely only received the modest education that was possible in a rural environment. It is conceivable that he entered apprenticeship with his father Lienz Bürgi who was a locksmith. Summaries of the known fragments of Bürgi's early life may be found in [12] , [13] , [14] , [17] , [26] . Details on Bürgi's biography were also given by Ph. Schöbi [23] . The most comprehensive study on Bürgi's life and achievements published until now has been made by Fritz Staudacher [24] , also showing new aspects of Bürgi's connections and innovations. The next known date of Bürgi's life is that in 1579 he was appointed at the court of Duke (Landgraf) Wilhelm IV of Hessen (in the city of Kassel, Germany) as the court watchmaker and "mechanicus". It is not known when Bürgi ( Fig. 1 ) left his home town and how and where he acquired the extraordinary skills that made him eligible for the prestigious appointment in the duke's observatory. Rudolf Wolf [29] From that time on Jost Bürgi's life is relatively well documented, mainly by the numerous precision instruments for geometry and astronomy, and by his astronomical clocks that soon earned world fame. Most famous up to the present day are Bürgi's "Celestial Globes", celestial spheres as they would be seen by an outside observer, with a clockwork inside ( [12] ). The fame of those masterpieces was so great that the emperor Rudolf II (1552-1612) invited Bürgi to his court in Prague in 1592. be seen in the Swiss National Museum in Zürich, see [12] , [17] . It is an extraordinary piece of early astronomy and precision craftsmanship, 142 mm in diameter and 255 mm of total hight, accurately displaying the motion of the celestial sphere, the sun, and giving the time. Among the precision instruments we mention the "Proportional Compasses" (Fig. 3) , a device invented and built by Bürgi that can be used for proportionally changing the scale of a drawing. Bürgi was not only a skilled watchmaker, astronomer and mathematician, he also knew to organize his private life: when he returned to Kassel in 1593 he had become the owner of the house he had been living in before. It is documented that Bürgi also became a successful real estate agent and banker. One of the few authentic documents in Bürgi's handwriting is a letter (dated Prague, 27.7.1616, signed Jost Bürgi, Uhrmacher) that deals with a loan in the amount of 500 guilders (Gulden) (Fig. 4) . As an example, Kepler [11] quotes a theorem of Cardano and mentions that Jost Bürgi has announced to be in possession of a proof. Slightly generalized, and reformulated in modern notation with N = 180, δ := π/N this means
This is by no means an obvious relation, and Kepler's statement sheds some light onto Bürgi's mathematical skills, although, unfortunately, Bürgi's alleged proof has never been found. Using geometric series and the technique of complex numbers, involving i := √ −1, fully developed only much later by Euler (1707-1783) and others, the proof would look as follows (taking advantage of sin(N δ) = 0, e iN δ = −1):
Note that Cardano, Kepler, and probably Bürgi missed the simpler form of S(N )= tan(89.5 0 ) found above; in fact:
Note also that the modern proof heavily uses the exponential function which Bürgi was about to discover (in real numbers only, though).
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There is no question that Bürgi's diversified work in astronomy, triangulation, geometry, clockmaking etc. required extended calculations with multi-digit numbers. It is not known to what extent Bürgi was familiar with M. Stifel's geometric sequence ("progression") a n = B n with B = 2. However, in his instructions ("Gründlicher Unterricht") [9] , p. 27, Bürgi refers to Simon Jacob ( † 1564), who himself had summarized Michael Stifel's ideas. In any case, Bürgi must have had the clear insight how the power law (3) could be exploited for speeding up multiplications. At the same time he came up with a surprisingly simple and effective means for overcoming the obvious drawback of Stifel's table: the scarcity of the table entries a n . Bürgi simply chose the base B as an appropriate number close to 1, namely
and tabulated the exponential function with base B, (6) a n := B n ,n=0, 1, . . . , 23027, in 9-digit precision [2] , [3] , [4] . The use of the table for multiplying is exactly the same as in the example of Equ. (4) .
In this section we briefly describe the table and comment on the old dispute on the priority for the invention of the logarithms between Jost Bürgi and John Napier. Mathematical considerations on Bürgi's table will be collected in Section 5.
In Bürgi's table the sequences ("progressions") are arranged in columns with 50 entries per column and 8 columns per page. The index n (i.e. the logarithm) is printed in red (Die Rote Zahl) as 10 n =0, 10, 20, . . . , 500, 510, . . . , see Fig. 7 . The corresponding table entry a n =1.0001 n is printed in black (Die Schwartze Zahl) by omitting the decimal point, i.e. as the integer 10 8 · a n . The entire table consisting of 23028 entries thus extends over 58 pages, covering the entire range from a n =1.0000 0000 to a 23027 =9.9999 9779 (see Fig. 7 , Fig. 8 ). In [15] and [18] the question of the base of the exponential function tabulated by Bürgi is discussed. Bürgi's base B can be identified unambiguously as B =1 .0001, the quotient of two consecutive table entries. Therefore it is natural to consider the entry a n as the nth power of B, which implies a 0 = 1. The natural choice for the "red number" corresponding to the table entry a n = B n is the exponent n. It can only be speculated why Bürgi used the 10-fold exponents, 10 n, instead, e.g. 0, 10, 20, . . . for the beginning of the table (Fig. 7) . A possible explanation for Bürgi's increase of the accuracy of n by one decimal digit is that he wanted to suggest (linear) interpolation in the accuracy of one digit (see Section 5) . The difference of two consecutive table entries, a n+1 −a n = a n /10000, needed for this operation is readily available. A skilled user like Bürgi can do this division and the subsequent proportionality computation in his head.
In the following, we take the liberty to refer to the table arguments and entries by means of numbers n and a n lying in the intervals 0.0 ≤ n ≤ 23027.0 and 1.00000000 ≤ a n < 10.00000000 , adopting the modern usage of the decimal point.
Bürgi concluded that the table should ideally terminate at the N th entry where a N = 10.0000 0000 .
By two refinements of the table on the last page (Fig. 8) he correctly finds the fractional value N = 23027.0022 , referred to as the "whole Red Number". A more precise value is (7) N := log(10) log(1.0001) = log 1.0001 (10) = 23027.00220 32997 .
The title page (Fig. 6 ) summarizes the table by listing each 500th entry, as well as the whole Red Number N . In accordance with tabulating the index as 10 n, the "whole red number" N is given as 23027
• 0022 with the superimposed • marking the digit with unit value, which corresponds to 10 N with N from Equ. (7) (see also the final sentence of the legend of Fig. 8 ).
The arrangement of the entries in a circular dial clearly shows Bürgi's genius since it documents his insight that the next decade, e.g., [10, 100) is a mere repetition in 10-fold size of the current one, e.g., [1, 10) . Here Bürgi unknowingly anticipated Eulers's famous relationship exp(ix) = cos x + i sin x between exponential and circular functions.
Example of the use of Bürgi's table (cf. Fig. 6, 8 )
In order to illustrate the use of Bürgi's table for multidigit arithmetic we give a (constructed) example merely using the title page (Fig. 6 ) and later page 1 (reproduced as The result c 5 = 10399.7551 is correct with all digits given.
Presently, the existence of two originals of Bürgi's table has been confirmed. Besides the Munich copy [3] , which is the basis of this work, an original had been found 1985 in the library of Paul Guldin (1577 -1643); it is now in the library of the University of Graz, Austria [4] (see Gerlinde Faustmann [7] ). Unfortunately, the Danzig original (found 1855 by H. R. Gieswald [9] ), which is the source of the well-known reproductions in [13] , [26] (Fig. 7, Fig. 8 ) is lost since Word War II. Rumours that it is in Prague now, and that a fourth original exists in the Vatican have not been confirmed so far. The quality of the printing in all known copies is less than perfect. The abundant illegible digits are not due to imperfections of the facsimile reproductions. The Munich Copy seems to be of better quality than the Danzig copy.
Bürgi was very reluctant in publishing his table. It appeared in print as late as 1620 (Fig. 6 ), only after Johannes Kepler (1571-1630) had been urging him for a long time to publish it. The reason for the scarcity of the original copies may be that only a few preliminary copies were printed. Wars or financial problems might have interrupted the publishing process.
Kepler reported in 1594 that Bürgi was in possession of an efficient method to carry out multiplications and divisions. Even earlier, in 1588, the astronomer Raimarus Ursus Dithmarus (quoted by Rudolf Wolf [30] ) reported that Bürgi was using a method to greatly simplify his calculations. It cannot be excluded that these statements mean that Bürgi's tables were operational as early as 1588. It is conceivable, however, that Kepler and Dithmarus refer to the use of trigonometric identities such as cos(x) · cos(y)= 1 2 cos(x + y) + cos(x − y) for reducing multiplications to additions and table-look-ups. According to many documents, this technique, referred to as prostapheresis ("auxiliary separation"), was quite common among human calculators in the 16 th century, [9] , [14] . In any case, it seems possible for a single human computer to generate the Bürgi table within a few months, as will be explained in Section 5.
While Bürgi could well have been a daily user of his own tables, similar ideas developed on the other side of the channel and approached their completion. In 1614, John Napier published his own tables of natural logarithms [19] (Fig. 9) , after more than 20 years of tedious calculations. In 1616 [20] , the same author published an even more advanced table of log-sin values. In his tables Napier managed to grasp many advanced aspects of the natural logarithms. In this respect he was ahead of his contemporaries, but with the laborious computations he paid a high price for it. Neither Napier's nor Bürgi's table was free of errors.
Both authors saw simplification of multiplications and divisions as their main goal. The choice of the basis (Bürgi: 1.0001, Napier: the inverse of the Euler number, e −1 =0 .367879...) is irrelevant for this application. Since it involves reading the tables in both directions, Napier's approach (equal steps in the numeri, tabulation of a logarithm function) is no better and no worse than Bürgi's (equal steps in the logarithms, tabulation of an exponential function). Bürgi achieved this goal at much lower cost than Napier, actually with the smallest possible effort. Bürgi's table also had the big advantage of simplicity and transparency of the algorithm for generating it. Some authors, [14] , [15] , [29] , [30] suspect that Bürgi's tables might have been operational earlier than Napier's. On the other hand, different opinions (not shared by this author, see Section 5.4) exist, e.g. D. Roegel [22] , Bürgi's "Progress Tabulen" (1620): logarithmic tables without logarithms. Almost certainly, neither of the human calculators knew about the work of the other. It seems to be fair, therefore, to consider Jost Bürgi and John Napier as the two simultaneous and independent discoverers of the logarithms.
Mathematical aspects of Bürgi's Progreß Tabulen
With Bürgi's choice B =1 .0001 as the base, the obvious algorithm for generating the table is (8) a 0 =1,a n+1 = a n + a n 10000 , (n =0, 1, . . . , 23027)
as follows from (6) . The single step is as simple as it could possibly be: in order to calculate the next table entry, augment the current one by its 10000 th part (right-shift by 4 digits). Just do this 23000 times, and you're done.
Checks
Leading a formidable task like this to a reliable result necessarily requires careful checks for computational errors. The multiplication rule for powers, Equ. (3), provides a simple and effective tool for detecting computational errors.
Bürgi must have taken care of this perfectly; otherwise the "whole red number" N of Equ. (7) could not have been correctly determined to lie in the interval 23027.0022 < N<23027.0023 (Fig. 8) . Since Bürgi's method of checking is not known, we may ponder about possible checks.
Assume that the final entry of the first page, a 400 =1.04080869, has been confirmed, e.g. by checking a 200 = a 
With K = 5, the result a 400 =1 .04080869271 (all 12 digits correct) is obtained with a negligible computational effort, using paper and pencil only.
Then, every subsequent page can be checked by one long-hand multiplication as follows. Let a i be the initial entry of any page. Then the final entry, a f = a i+400 , must satisfy a f = a i · a 400 . If the check fails, one needs to locate the error by testing a i+d = a i · a d for some values d<400, e.g. for d = 200, 100, etc., and redo (part of) the page.
Another possibility is to take advantage of the entry a 431 =1.044040044101 , a rather unlikely curiosity. Long-hand multiplications by a 431 are extremely cheap; they reduce to one quadrupling and a sum of 6 quickly decreasing terms.
Guard Digits
Besides erroneous calculation, the slow accumulation of round-off errors may be a problem. Here the only remedy is introducing additional digits of precision, called guard digits.
Example
It is seen that guard digits must be carried along in order to avoid accumulation of round-off errors. Without this precaution (e.g. by strictly rounding the 8 th digits after the decimal point) the erroneously rounded value 3.4367 9129 would have been found for a 12346 from the correct value for a 12345 . Fig. 10 shows the accumulated round-off error if the table is computed according to (8) using g guard digits.
We first define our notion of guard digits and describe the modification of the algorithm (8) for simulating rounded calculation with g guard digits. Then, conclusions on the number of guard digits necessary for guaranteeing an accurate table will be drawn.
As before, we denote the exact powers of B by a n := B n ; furthermore, a n is the correctly rounded table entry satisfying | a n − a n | ≤ 1 2 δ, δ = 10 −8 . Recall that Bürgi tabulated the integer values f a n with f =1/δ = 10 8 .
Attaching g guard digits to the table entry a n increases its resolution to 1/(fG) where G := 10 g , resulting in the new approximation
where c stands for the (positive or negative) integer formed by the guard digits. Now the algorithm (8) becomes
where round(x) stands for the integer closest to x. The rounded table values are then obtained as a n = round(A n f ) /f .
In the above form the algorithm is not restricted to natural numbers g; any value of G>1 is allowed. In Fig. 10 we have used G =1 , 3, 10, 30 , 100, 300 (approximately) corresponding to g =0 , 0.5, 1, 1.5, 2, 2.5 guard digits. E.g. 1.5 guard digits means that the values of A n are always rounded a precision of Fig. 10 . Plots of A n − a n in units of the least significant digit, 10 −8 , in four intervals of n, as an illustration of the effect of g guard digits. Colours for g: black 0, cyan 0.5, red 1, blue 1.5, magenta 2, green 2.5.
It is seen that guard digits are an absolute necessity: g = 0 results in the loss of 1 digit already after 100 steps, just as the theory of random walks predicts. If checks are made after every page, 1 guard digit suffices in the lower part of the table. However, since in the upper part of the table the accuracy requirements are up to 10-fold, two guard digits are needed there in order to guarantee 9-digit accuracy. Two guard digits suffice to keep the accumulated round-off error below 3 units of the last digit. To guarantee an accurate table free of errors occasional checks according to Section 5.1 must be carried out.
Table errors
In 1976 the Astronomisch-Physikalisches Kabinett in Munich allowed W. Pohl [21] to copy their Progreß Tabula entirely. Based on this excellent material the Bürgi table was analyzed subsequently, see the Internal Note [27] .
First, it was established that the table contains no systematic errors by checking the "whole Red Number" N , see Equ. (7) . Also, the numbers given on the title page (Fig. 6) , were found to be correct in every digit, except for the entries at 12000.0, 16000.0, 19000.0 which have a round-off error of slightly more than a half-unit of the least significant digit.
Assuming that the table contains no large systematic errors the actually given (and possibly erroneous) table values a n may be reconstructed from the index n and the terminal digit (TD). In this way it was possible to check the entire table by computer (in a few milliseconds) after having keyed in the 23028 terminal digits. The following counts of table errors ∆ n := 10 8 ( a n − B n ) were obtained: The distribution of the 87 large errors (Type 2) is shown in the upper histogram of Fig. 11 . Clearly, large errors are more abundant in the upper part of the table, where its relative accuracy is higher (up to 1 more digit of relative accuracy). The distribution of the 181 illegible terminal digits (Type 3) in the lower histogram of Fig. 11 is more or less uniform. The bias of the small rounding errors towards the positive side seen in Fig. 12 may be a consequence of permanent upwards rounding of the single guard digit 5. This hypothesis may be corroborated by simulations of various rounding algorithms for generating Bürgi's table. The third histogram of Fig. 13 , generated by permanent upwards rounding of the single guard digit 5, is an ideal form of the histogram of Bürgi's rounding errors (Fig. 12) . In contrast, the symmetric rounding (half-integers to nearest even) produces the symmetric fourth histogram of Fig. 13 . In Appendix B the only three sequences of consecutive seriously erroneous entries are listed. The comment "correct transition" expresses the hypothesis that the transition from a n−1 to a n = round(1.0001 · a n−1 ) was done correctly; presumably, these errors were caused by erroneous transmissions. Appendix C lists a few sequences of consecutive roundings to the wrong side.
Linear interpolation
Linear interpolation was suggested by Bürgi himself, and the "user's manual" that was to go with the table does in fact contain instructions for accurate or approximate linear interpolation. Unfortunately, those instructions, announced on the title page (Fig. 6) by the words sambt gründlichem Unterricht, "with thorough instruction", have not been published with the table. Only much later, Gieswald rediscovered their manuscript in the archives of Danzig und published it in 1856 [9] , [14] . [16] . In the example Bürgi explains how to find the accurate logarithm (to base 1.0001) of a given number a n , n = log 1.0001 (a n ).
He therefore shows how to cheaply find logarithms from his table of an exponential function.
Fig. 14. In the example Bürgi explains backwards reading of the table, i.e. given a black number a n , find the corresponding red number n = log 1.0001 a n = log(a n )/ log(1.0001). In particular a n =3 .6 yields n = 12809.9789 1087. Bürgi gives 9 correct digits (third line from bottom).
For generally discussing linear interpolation in this context, let x be a real variable, and consider the exponential function (10) f (x) := B x with B = 1 + ε, ε =0.0001 in the range 0 < x < log 10/ log(1 + ε). Since the table interval is 1, define n := floor(x), t := x−n. Then linear interpolation in the interval n ≤ x ≤ n+1 yields the approximation (11) f * = tf(n + 1) + (1 − t) f (n) of f (x). Due to the convex curvature of the graph of f the relative interpolation error is nonnegative and roughly bounded by ε 2 /8, 
21
The conclusion is that Bürgi's choice of tabulating the values f (n) with 8 figures after the decimal point is optimal in the sense that the error due to linear interpolation is never more than 1.25 units at the least significant digit. This error bound is reached near the upper end of the table, whereas near the lower end of the table the error is bounded by 0.125 · 10 −8 .
The linear interpolation process of the exponential function (10) in the interval n ≤ x ≤ n + 1 is sketched in Fig. 15 . The tickmarks on the vertical lines indicate the grid of the table entries. f denotes the exact interpolant of the rounded table entries. In the upper half of the table the positive bias of the interpolation error may almost be compensated by always rounding f downwards. This is exemplified in Fig. 16 , where we plot the interpolation error in the interval 23000 ≤ x ≤ 23025 near the upper end of the table. The correctly rounded table values of f (x) were used as input data. Three rounding strategies were used: (1) f exact (black), 
